We experimentally demonstrate a terahertz-bandwidth photonic differentiator employing a silicon-on-insulator directional coupler. The integrated waveguide coupler with two identical paralleled strip waveguides achieves a firstorder differentiator when full energy coupling is met from one waveguide to another. The integrated waveguide coupler can offer different operation bandwidths by changing the length and gap of the strip waveguides. Due to the large 3 dB bandwidth of the directional coupler, we implement the first differentiator with an operation bandwidth of 1.25 THz. The performance of this photonic differentiator is tested using Gaussian-like pulses with a pulsewidth of 2.8 ps, 4 ps, 6 ps, 8 ps, and 10 ps, respectively. The differentiation processing errors and relative energy efficiency are also discussed. This silicon chip may have potential applications in integrated photonic computing circuits with sub-picosecond pulses. All-optical signal processing for computing and networking has been implemented to overcome the speed limitations generated in the electronics circuits. The photonic temporal differentiator (DIFF) is one of the equivalent fundamental devices that forms the basic building blocks in electronics. It provides the time derivative of the complex envelope of an arbitrary input optical waveform, which has wide applications in optical processing and computing [1, 2] , pulse shaping [3] , optical sensing and control [4] , and ultrahigh-speed coding [5] .
All-optical signal processing for computing and networking has been implemented to overcome the speed limitations generated in the electronics circuits. The photonic temporal differentiator (DIFF) is one of the equivalent fundamental devices that forms the basic building blocks in electronics. It provides the time derivative of the complex envelope of an arbitrary input optical waveform, which has wide applications in optical processing and computing [1, 2] , pulse shaping [3] , optical sensing and control [4] , and ultrahigh-speed coding [5] .
Different schemes have been proposed and experimentally proved recently to perform optical temporal DIFFs, including the use of the phase-shifted fiber Bragg grating [6] , the longperiod fiber grating [7] , the two-arm interferometer [8] , the wavelength-selective directional coupler (DC) using fibers [9] [10] [11] [12] , the integrated silicon micro-ring resonator [13, 14] , the integrated silicon Mach-Zehnder interferometers [15] , and the integrated sidewall phase-shifted Bragg grating [16] . The inherent advantages of the fiber-based devices for optical temporal DIFF are obvious, such as simplicity, low insertion loss, and full compatibility with the fiber systems, but they are highly sensitive to environment changes and all-fiber devices or spatial devices [8] that prevent on-chip integration. The photonic temporal DIFF with silicon-based devices can offer evident advantages of low loss, small size, compatibility with CMOS standard technology and compactness to increase stability and reliability. Moreover, the large processing bandwidth of the photonic temporal DIFF is important. To date, the largest operation bandwidth of the proposed wavelength-selective DCs using dissimilar fibers is 25 THz [10] . However, the operation bandwidth of the previously reported silicon-based devices is about tens of gigahertz to hundreds of gigahertz, so larger operation bandwidth into the terahertz range of the silicon-based DIFF devices has not yet been reported.
In this work, we experimentally demonstrate a DC based on silicon-on-insulator (SOI) to implement first-order DIFF, which has an operation bandwidth of about 10 nm. Due to the silicon DC with two identical straight waveguides providing the full energy coupling, the output waveform is proportional to the first derivative of the input waveform launched from one of the coupler waveguides [11] . Silicon-based DCs with different gaps and lengths are analyzed and manufactured, and have different operation bandwidths.
A first-order optical temporal DIFF provides the first-order time derivative of the complex envelope of an arbitrary input optical waveform, which can be considered as a linear filtering device with spectral transfer function of the form j2πf − f 0 , where f and f 0 are the optical frequency and carrier frequency. From the transfer function we know there are two features: one is that the amplitude response of the transfer function depends linearly on the base-band frequency, and another is that the phase response of the transfer function has a π-phase shift at the carrier frequency f 0 .
Figures 1(a) and 1(b) show the schematic concept diagram and the structure of the silicon DC which consists of two paralleled strip waveguides and bend waveguides. Figure 1(b) shows the cross section of the strip waveguides on which a DC has a height of 220 nm and a width of 560 nm. As shown in Fig. 1(a) , the input signal is injected into one of the couplers, and the spectral transfer functions of out1 and out2 are given [11] as
where K and M represent the cross-coupling coefficient and selfcoupling coefficient, which can be expressed as K K 0 f and M M 0 f depending linearly on the frequency, and K 0 and M 0 are the constant proportional coefficients. When the amplitude spectral response of the transfer function uses Taylor expansion around the central frequency, the first nonzero element can be regarded as first-order differentiation while the coupling condition K 0 f 0 z mπ π∕2, m 0; 1; 2… is satisfied. The amplitude spectral response of out1 can be expressed as [12] 
and the phase spectral response can be given by [12] 
When the coupling condition K 0 f 0 z mπ, m 0; 1; 2… is satisfied, the amplitude spectral response of out2 can also be expressed as jH 2 f j j sinK 0 f zj ∝ jf − f 0 j: (5) From Eqs. (3) and (5), the amplitude of the silicon DC with identical waveguides is linear to the base-band frequency. It is seen from Eq. (4) that there is a π-phase shift in the phase response at the central frequency. The cross-coupling coefficient can be calculated from the equation K β e − β o ∕2 based on mode interference; β e and β o are the propagation constants of the even mode and odd mode, respectively. We use a twodimensional (2D) COMSOL mode analysis solver to simulate the propagation constant of the two modes. The calculated crosscoupling proportional coefficient K 0 is 4.975 × 10 −10 ∕m∕Hz. The transmission of the silicon DC with certain length and the phase response is simulated using 2D BeamPROP based on the beam propagation method (BPM), which is faster on calculation and less time-consuming. In the simulation, we set the width of the two paralleled strip waveguides to 560 nm; the length and the gap are the variable parameters. Figure 2 shows the amplitude response and the phase response of the silicon DC with the length of 980 μm and the gap of 0.2 μm. As can be seen in Fig. 2(a) , the silicon DC has a good linear frequency response near its resonant frequency notch. In Fig. 2(b) , there is exactly a π-phase shift at the resonant frequency notch. These two features satisfy the first-order DIFF when the carrier frequency is at the central resonant frequency.
The frequency responses of silicon DCs with different gaps and lengths are simulated using 2D BeamPROP, which can get different operation bandwidths. Figure 3 shows the relationship between the 3 dB bandwidth and the two variable parameters (the length and the gap) of the silicon DC. We shift the transmission curves of the silicon DC to make the resonant wavelength aligned at 1550 nm for convenient comparison.
Figure 3(a) shows the transmission of the integrated silicon DC with the gap of 0.2 μm, and the length varies from 600 to 1035 μm. It can be seen that the resonance depths are around 30 dB and the bandwidth is dependent on the coupling length. Figure 3 (b) shows the 3 dB bandwidth of transmission as a function of the coupling length. The bandwidth can be tailored by the coupling length design. When the coupling length increases, the bandwidth decreases. Now we fix the coupling length at 1035 μm, and the gap of the silicon DC waveguides varies from 0.2 to 0.4 μm, as shown in Fig. 3(c) . It is seen that both the bandwidth and the resonance depth are significantly affected by the waveguide gap. As the waveguide gap increases, the operation bandwidth increases and the resonance depth gets larger. Figure 3 (d) describes that the 3 dB bandwidth varies from 7 to 30 nm, showing a large bandwidth. Therefore, we can achieve terahertz-bandwidth photonic temporal DIFFs with different lengths and gaps. Besides, the resonance depth varies from 30 to 54 dB from Fig. 3(c) . It should be noted that a large resonance depth (typically larger than 30 dB) is necessary for an accurate DIFF operator.
We then design and fabricate the silicon DC. The silicon DC waveguide is designed with the width (560 nm) and height (220 nm) of the strip waveguide. The top silicon thickness of the SOI wafer is 220 nm, and the buried oxide layer thickness is 3 μm. The device layout is shown in Fig. 4(a) , which consists of the input and output coupling gratings coupling the light between fiber and chip, and the DC waveguides. Bending waveguides with the radius of 20 μm are employed to reduce the chip loss. The silicon DC is fabricated using electron-beam Fig. 4(a) . Figure 5 shows the measured normalized transmission of the silicon DC device with the gap of 0.2 μm, and length from 600 to 980 μm, which are also shifted to the same wavelength at 1550 nm. It is seen that the 3 dB bandwidth decreases when the coupling length increases conforming to Fig. 3(b) . The resonance notch depth in Fig. 5 is from 16 to 26.9 dB. The large resonance notch depth of the silicon DC means more accuracy for a DIFF, so we choose the silicon DC with the length of 980 μm and the gap of 0.2 μm to test the differentiation experiment. The transmission of this device is from the cross port. The 3 dB bandwidth of this chip is about 11 nm (namely, 1.375 THz). The device of a bandwidth is typically quantified by limiting the maximum deviation (MD) of the device's amplitude spectral transfer function around its resonance frequency with respect to the ideal transfer function of a first-order differentiator (namely, linear amplitude variation). We assume that if MD is less than 9% [7] , then the DIFF bandwidth is about 10 nm (i.e., 1.25 THz). The phase response of the silicon DC is not measured due to the hardware restraint, but Fig. 2(b) proves that the phase shift has a π jump at the central resonant frequency. The following experiment will employ this device with a 1.25 THz bandwidth.
Ultra-short pulse with a full width at the half-maximum (FWHM) of 1 ps is generated using the experimental setup in [19] . By changing the pumped power for highly nonlinear fiber (HNLF) from the EDFA2, an ultra-short Gaussian-like pulse with a different FWHM can be obtained. The output waveform of the silicon DC chip is amplified by an EDFA and then analyzed through a high speed oscilloscope (OSO) with a bandwidth of 500 GHz (EYE-1100C). The ultra-short Gaussianlike pulses with 2.8, 4, 6, 8, and 10 ps (red dotted) are injected into the chip device by changing the pumped power to the HNLF; the five output waveforms (red dotted) are also shown in Fig. 6 , respectively. The simulated input waveform and the ideal first-order differentiation (blue solid) are shown in the same figure with the experimental measurements. As can be seen, there is a good agreement between the measured differentiated pulses and the ideal differentiation except a small discrepancy at the Sim.
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(e1) (e2) Fig. 6 . Input Gaussian-like pulse with FWHM of (a1) 2.8 ps, (b1) 4 ps, (c1) 6 ps, (d1) 8 ps, and (e1) 10 ps. (a2)-(e2) Temporally differentiated pulses corresponding to the input pulse by simulation and experiment, respectively.
resonance notch. The reason may be attributed to the limited measurement resolution and sensitivity of the OSO [10] . In order to align the laser wavelength to the central spectral notch, we first observe the silicon DC spectral notch and fix it [20] as shown in Fig. 7 . The central notch wavelength of the silicon DC is about 1545.4 nm. Then, we tune the laser at the same wavelength. From the experimental setup, the measured spectrum of the input Gaussian-like pulse (blue solid) and the output (red solid) are shown in Fig. 7 for comparison. As can be seen, there is exactly one notch at the central resonance frequency with the symmetric output spectrum.
The processing error (error) and the energy efficiency (EE) are the two important parameters to evaluate the performance of an optical DIFF [21] . The processing error is defined as the deviation between the intensities of the actual obtained differentiation and the ideal differentiation. A total average error can be expressed as [22] .
The average absolute errors of the experimental results are 2.64%, 3.54%, 5.11%, 6.44%, and 7.72%, respectively, as shown in Fig. 8(a) . The relative energy efficiency is also estimated as the ratio of the output spectrum integral and the input spectrum integral. The normalized relative EEs are 100%, 88.2%, 84.6%, 71.7%, and 27.8%, respectively, as shown in Fig. 8(b) . As can be seen, the average error is becomes larger and the relative EE decreases as the input pulsewidth increases. Therefore, the average error and the EE can be improved if the input pulsewidth is in the sub-picosecond level. However, the sub-picosecond pulse could not be generated due to the hardware restraint.
In summary, we have successfully demonstrated the silicon DC as a first-order photonic temporal DIFF. Our simulation has shown that the terahertz-bandwidth silicon DC devices can be obtained with a tailored coupling length and gap. A 1.25 THz bandwidth silicon DC with a coupling length of 980 μm and gap of 0.2 μm is achieved. Our experiment has confirmed that the input signal with time width in the picosecond regime can be processed by using this terahertz-bandwidth silicon DC device. The performance of the DIFFs, such as the average error and the energy efficiency, is discussed. This large terahertz-bandwidth photonic DIFF may be applied to ultrafast signal processing. 
